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iii. The kernel K(x, &) is normalized, that is 
K(x,x+) — K(x,x7-) = 1; K.(x,x+) — K(x,x-) = 0. 
iv. The kernel K,(x, £), where 
K(x,x) = K(x,x*) = 


is possessed of a reciprocal, E(x, &).* 
v. The constants a and b defined by 


& 
ll 


1 
1 — K(0,0+) + xo, 
14) ( ) (0,é) 


1 
b= K(0,1)— f 
0 
are different from zero. 
Under these hypotheses we have the following conclusions: 
(I) The integral equation (2) has infinitely many characteristic values. Let 


(15) pi = log ( — b/a) + (k=O, +1, +2,--3 
be the characteristic values of the differential boundary problem 
(**) u’(x) + pu(x) = 0; au(O) + bu(1) = O. 


Then, if 5 is any positive number arbitrarily small but fixed, an R; is available 
which is so large that, outside the circle |p| =Rs, all the characteristic values of 
(2) lie in the interiors of the circles of radius 5 around the points (15), each 
circle containing one and only one characteristic value of (2). 

(II) Outside the circle |p| = Rs all the characteristic values of (2) are simple 
poles of the resolvent kernel &(x, &, p) and to each of them there corresponds a 
single pair u(x), v(x) of the fundamental solutions of (2) and of the associated 
integral equation (13). 


(III) Let 
(16) u(x), v(x), u2(x), vo(x), ,u,(x), v(x), 
be the complete biorthogonal set of the fundamental functions of (2), (13) and 


ui) (x), v6 (x) (k=0,+1,+2,:---) 


the complete biorthogonal set of the fundamental solutions of (**) and of the 
adjoint problem 


— pv(x) = 0; bv(0) + av(1) = 0. 


*This condition is somewhat less general than the corresponding Langer’s condition (v) (L, 
p. 592). We expect to discuss in another paper the case where K,(x, £) has no reciprocal. 
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Let f(x) be any function integrable on (0,1). If we set 


aN LN = Sule) = [poo 
(18) SP= > (x) fiom (t)dt; Sn(f) = (t)dt, 


the series $(f) and S(f) are equiconvergent on the interior of (0, 1), that is 
(19) — Sy(f) ~0 as No 


uniformly on every interval interior to (0, 1). At the end points 0, 1 the difference 
(19) tends respectively to 


20 Co a(t)dt, Cy a(t)d 

(20) f ft)a(t)dt 

where 

(21) a(t) = K;,(0,8) — f K(0,s) G(s,8)ds, 


and Co, C; are constant factors which depend only on K(x, &) and do not depend 


on f(x). 
(IV) No modifications are necessary in the statements (1) and (II) if the dif- 
ferential problem (%*) is replaced by 


+ pu(x) = 0; au(O) + dbu(1) = ff 


Let G(x, t, p) be the Green’s function of the problem (%*%&*) and 

the set of the characteristic values of («tx *). Let 

(Cr) lp|=R 


be a circle around the origin, which does not pass through any of the points 
Pr, pr, pr’. If pr, po, ++, pw are the characteristic values of (2) within (Cr), 
then 


1 1 
(23) im {Duin 55 fae f \ =0, 
= (CR) 


0 


uniformly on (0, 1). 
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34. The second part of the statement (IV) follows immediately from 
Theorem 4 since the integro-differential problem (%) satisfies the conditions 
(A), (B), (C) and the Green’s function I(x, ¢, p) of this problem coincides 
with the resolvent kernel &(, #, p). 

In order to prove the statements (I), (II) and the first part of (IV) let 
pé be any pole of G’(x, t, p) outside |o|=R;. If R; is sufficiently large, then 
to each pj there corresponds one and only one pole pg’ of (%*%*) which is 
within the circle (c) of radius 6 around pj and vice versa. Let G’(x, t, p) 
be the Green’s function of (**). Take the integrals 


JAT), JG’), JG) 

which have been used already in § 26. The principal part of G’(x, t, p) 
corresponding to the pole p=py is 

1 

5 f Vola = 1, 

0 
where Uo(x), Vo(x) are respectively the fundamental solutions of the problem 
(**«) and of the adjoint problem (*%’) forp=ps (D, 15). Hence 

J(G’) = 1. 


On the other hand, the same argument being applied to I'(x, t, p) = (x, t, p) 


shows 
JA(T) 


where o denotes the total number of pairs 4,, v, in (16) which correspond to the 
characteristic values of (2) within (c). We have, however, 


—G) = JAT + IG = O1/s), 
where 7 is the shortest distance from the origin to the contour of (c) (§ 26). 
Hence o =1, provided R; is sufficiently large. Thus the statements (I), (II), 
(IV) are proved. 


The statement (III) follows immediately from Theorem 6; we observe that 
in the present case 


t= 1, = a(x) ; af (x) =0; 


the functions © ,;, @»; in (23) reduce to constants. Finally, the expressions 


1 1 
dp G'x,t,0) and Sy(f) 
CR) 


( 0 


may differ but by a finite sum of terms of the form 


+ uf (x) f 


798 J. D. TAMARKIN [October 


>R or |vy|>N, and whose number does not exceed the 
=R;. It is readily seen 


for which either |p/ 
number of the characteristic values (15) within \p 
that each of these terms —0 as R-, uniformly on (0, 1). 


35. THeoreM 9. Under the conditions of Theorem 8 the resolvent kernel 
R(x, E, p) of (2) admits of an expansion (p is not a characteristic value) 


(24) R(x,§,p) = R(x, 

where &,(x, £, p) denotes the principal part of R(x, §, p) corresponding to the 
pole p,. Accordingly, for the kernel K(x, £) itself we have 


(25) K(x, = — >> &.(x,¢,0), 
vel 


the series of the left-hand member of (24) and (25) being uniformly convergent 
in (x, £) on every closed part of the square (S), which does not contain any of 
the points (0, 1), (1, 0) and has no points in common with the line x =. 

The solution of the non-homogencous integral equation 


1 
(26) u(x) = f(x) + of K(x ,&)u(é)dé 


0 


admits of the expansion 
1 


(27) u(x) = f(x) —p | R(x, 8,0) 
vel 


0 
which is uniformly convergent on (0, 1) for any integrable f(x). 
An easy application of the Cauchy fundamental theorem shows 


R(x,£,p) — G(x,t,p) — RA + G(x, £,p) 


(28) (Cr) (Cr) 
— G(x, 
(Cr) 
where G,(x, &, p) denotes the principal part of G(x, £, p) corresponding to 
the pole p/’. Since on (Ce) 
— G(x,£,¢) = O(1/0) 


(Theorem 3) the right-hand member of (28)—0 as R-, uniformly on 
(0, 1). It is known from the general theory of the Green’s function (D, 27) 
and may be proved directly in the present case that 

G(x,£,p) = G,(x,&,p), 


. 
20 
| 
= 
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the series of the right-hand member being uniformly convergent on any 
region of the type mentioned in the statement of Theorem 9. Hence the 
same is true of the expansion (24). Expansion (25) follows from (24), for 
p=0, since K(x, &)= —R(x, &, 0). 

Now, let {(x) be any integrable function. For any fixed p which is not a 
characteristic value of (26), the solution of (26) is given by the formula 


(29) u(x) = f(x) - of R(x, = f(x) — p f R(x, f(E)dé, 


the term by term integration being permissible by virtue of a known theorem 
of Lebesgue. To prove the uniform convergence of (29), take the difference 


u(x) — f(x) + p Ep) 


(CR) 0 


1 
J (Cr) — p Jo 


dg 
( 


2mi J(Cr)f — p Jo 


1 d¢ 
( 


2mi Jicr)f — p Jo 


On account of Theorem 3 and Lemma 1 each term of the right side here is of 


the form 
f edt 
— 


and hence —0, as R->, uniformly on (0,1). 
It should be noted that, in the case where all the poles of R(x, &, p) are 
simple, formulas (24), (25), (27) reduce to well known expansions 


> u,(x)v 


R(x, E,p) 


vel Pe 
= 
K(x,t) = >> —u,(x)o,(é), 
veel Py 
u(x) = f(x) —p > f 
val P — Py 0 


which, however, never before have been proved under our general conditions 
concerning the kernel K(x, £). 


4 
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We may leave to the reader the computation of the approximate expres- 
sions for the fundamental functions u,(x), v,(x) for v large, as well as the 
applications of the results above to the integral equation (1). 


36. To illustrate our general theory take the integral equation 

+ Lift < x, 


which is analogous to that considered by Langer (L, pp. 638-639). An easy 
computation gives 
4m xt? 2+ m 8mx 


=- sa=—1;b=2 = 


Hence our theory can be applied to (30) unless m= +2. 
A direct computation shows that the characteristic values of (30) are 
the roots (+0) of the transcendental equation 


e° { (6 — 3m)p* + 4mp* + 24m(p — 1)?} = p*(6m + 12) + 4m(2p3 — 3p? — 6p + 6) 
and hence they are asymptotic to the roots of the equation 


2+m b 
e=2— (m # + 2) 


which agrees with Theorem 8. 
The situation changes substantially if m= +2. In this case the character- 
istic values of (30) are determined by the equations 


e? 


1 8 
o--|-—| ifm = — 2. 
p 3 


The asymptotic formula for p, involves logarithmic terms which are absent 
in the case where m= +2. It should be noted that Langer’s method also 
fails when m= +2, since the asymptotic formula for p, as given by Langer 
does not contain logarithmic terms either.* 


Il 

> 
— 
| 

I 


* It was not until recently that we noticed that a problem in some respects more general than 
that of Lichtenstein was treated by Mrs. Anna Pell-Wheeler in 1910. Cf. Applications of biortho- 
gonal systems of functions to the theory of integral equations, these Transactions, vol. 12 (1911), pp. 
165-180 (p. 176, Ex. 4). However, Mrs. Pell-Wheeler’s problem does not include our problem (%) 
as a special case. 
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A GENERAL THEORY OF NETS ON A SURFACE* 


BY 
VERNON G. GROVE 


INTRODUCTION 


In this paper we extend a method used by E. P. Lane in the study of 
conjugate netsf to the study of a non-conjugate, non-asymptotic net on a 
surface. We first refer the sustaining surface to the asymptotic net, and then 
refer it to an arbitrary net. We thus find that all of the projective pro- 
perties of the net are expressible in terms of the quantities determining the 
character of the surface and two other functions. These two functions may 
be chosen arbitrarily, and hence they determine the most general net on the 
surface. It may be seen, from the form of the formulas involved, which pro- 
perties of the net are really properties of the net, which are properties of 
the one-parameter families of curves forming the net, and which are properties 
entirely of the surface. 


1. A SURFACE REFERRED TO ITS ASYMPTOTIC NET 
Let 

(1) y (u,v) (k= 1,2,3,4) 
be the parametric equations of a surface S,. If S, is not a developable surface, 
and if the curves “=const., v=const. are the asymptotic curves, the four 
functions y“ are solutions of two partial differential equations of the form 

Yuu + 2ayy, + 2by, + cy = 0, 

You + 2a’ yu + 2b’y, + c'y = 


These two equations can be reduced to the formft 


Yuu + 2by. + fy = 0, 


(2) 
Yoo + 2a'yu + gy = O. 


* Presented to the Society, April 10, 1925; received by the editors in November, 1926. 

+ E. P. Lane, A general theory of conjugate nets, these Transactions, vol. 23 (1922), pp. 283-297. 
Cited as Lane, Nets. 

t E. J. Wilczynski, Projective differential geometry of curved surfaces, 1st memoir, these Transac- 
tions, vol. 8 (1907), p. 233. 
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The coefficients of system (2) satisfy the following integrability conditions: 
+ Su + + 40’b, = 0, 
bow + fo + 20’by + = 0, 
Buu + 4b.g + = fov + 4au f + 2a’fy. 


The form (2) is not unique, but is preserved under all transformations of 
the form 


a= U(u), B= V(x), = C(U'V’)"*y. 
Any net on the surface may be defined by a differential equation of the 
form 
(3) — dv)(wdv— du) =0, 1— #0. 
If 1—@w were zero, the differential equation would represent only a one- 
parameter family of curves, and not a net. If 1+6w=0, the net is a conjugate 


net. If €=w=0 the net is the asymptotic net. We shall suppose, therefore, 


that 
Ow(1 — 0. 


2. THE SURFACE REFERRED TO ANY NON-CONJUGATE NET 


Let us make the net (3) parametric by the transformation 


(4) a = (u,v), = ¥(u,v), 
for which 


If we make this transformation we obtain the system of differential equa- 
tions of the form 
(6) Yaa = + bya + + dy, 

yas = + b’ya + + 


wherein 
2w Vu 26 do 
a = 9 a’ = 
1 Ow 1 + Yu 
Dov 
[2bw? + + (00, — 
31 — [ a ( ] 
Wun 1 
— — + ———_[2'6? + 2bw + — 


v2 vu(1 67w?) 
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vu 
(7) 2a + OWy, — Wy), 
= — +- 2b + 00, — 0), 
(1 — 
v2 — 1) — 1) 


System (6) defines the same surface as system (2), but the parametric net 
for (6) is the arbitrary non-conjugate net (3). 
The following differentiation formulas will be found useful: 


+ Vo Yu + Oy» 
(1 — Ow), (1 — 


(8) 


For convenience of reference we will give certain invariants and covariants 
of system (6). They are 


(9) 
wherein 
é 6’ 
y= - B = 
a a 
1 
+6 + + ab’ + &’)], 
oF 


fea= e+ + + ab’ + + + 5)]. 


The axis of the point y with respect to the net (3) joins y to the point 
¢ defined 


(10) = yas — — 


Substituting the values of the coefficients (7) into (9) and (10) we obtain 
these expressions in terms of 0, w, and the coefficients and variables of system 


(2). They are 


* V. G. Grove, A theory of a general net on a surface, these Transactions, vol. 28 (1926), p. 496. 
Hereafter referred to as Grove, Nets. 

+ G. M. Green, Nets of space curves, these Transactions, vol. 21 (1920), p. 219. Hereafter referred 
to as Green, Nets. 

t Green, Nets, p. 224. 


| 
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1 
= [2(a’@ + bw?)(1 — 0%w?) — w(2 + Ow) (Ow). 


wo(1 — + co) Yu — (1 + »] 


1 
+ — — O(2 + 64) 0) 


1 1 
Yu + Yo — —-(2bw* + 20’ + wou — wr» |, 
(11) 
¢= E + Oy, — —-(2a’8® + 2b + 00, — 
(1 — 20 
1 + 
t= ————} 20u(1 — Ow) Yu» — [2a’0(1 — + 2bw?(1 — Ow) 


20w(1 — Ow)* 

— — (Ow), + — Ow) vu [2dw(1 — + — Ow) 

— 0(0w)» — (Ow)u + — Ow) ]y, + ()y}, 
the coefficient of y being immaterial for our purposes. 

3. THE R-RECIPROCAL CONGRUENCES 
Two congruences of importance in the theory of nets of curves are those 

congruences we have called the R-reciprocal congruences.* The lines of these 
congruences are reciprocal polars with respect to both of the quadrics 
osculating the parametric ruled surfaces of tangents at the surface point y. 
The lines of these congruences are also in relation R. The lines / and /’ 
of the R-reciprocal congruences join the points 


1 1 
(12) F = Ya — —(fa — 2¢’)y, Ss = ys — —-(fa — 2b)y, 
24 24 
and 


1 1 
(13) —(fa 2b) Va fy 2é’) ys. 
2a 2a 
The line / intersects the asymptotic tangents in the two points defined by 


—[2a’02(0w — 1) + Ow(Ow), + 20(6w), 
2000(1 ( ) ( ) ( ) 
00, (Ow 1) ]y, 


(14) 1 
= —[2bw?(Ow 1) T 6w(Aw) » + 2w(Ow) 


20w(1 — Aw) 
w) —w6,(0w — 1)]y. 


* Grove, Nets, p. 497. 
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The expression for z in terms of the coefficients and variables of system (2) 
is 


1 
(Aw) » 
+ — — 1)) + 
(15) — 1) + 
20w(1 — Ow) 


+ 20(Aw) » 1)) + Ye + ( 
1 — 
the coefficient of y being immaterial for our purposes. 
Now the two lines joining the points 


r= ry, S= BY, 
and the point y to 
2 = Yuv — — NYv 


are Green reciprocal lines* if, and only if, m=y and =X. We note from (14) 
and (15) that the R-reciprocal congruences are also Green reciprocal con- 
gruences if, and only if, 6 =const. 

From the first two of equations (7) we find 


40w 
(1 + Ow)? 


Hence if 6w is constant then aa’ is constant, and conversely. If da’ =const. the 
tangents to the curves of the net form with the asymptotic tangents a 
constant cross ratio.f We may state our results in the following way: 
The R-reciprocal congruences are Green reciprocal congruences if and only if 
the tangents to the curves of the net form with the asymptotic tangents a constant 
cross ratio. 

Let us now find the condition that the R-reciprocal congruences coincide 
with a given pair of Green reciprocal congruences. We must have 6w=const. 
Let the given lines join the points 


dq’ = 


* G. M. Green, Memoir on the general theory of surfaces and rectilinear congruences, these Tran- 
sactions, vol. 20 (1919), p. 86. Cited as Green, Surfaces. 

t Grove, Nets, p. 500. This result was also derived by E. P. Lane in his paper Bundles and pencils 
of nets on a surface, these Transactions, vol. 28 (1926), p. 165. 
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r= S= 
and y to the point 
Z = Yuv — UYu — 
From (14) and (15) we have 
— = 2wr, wy — 2bw? = wp. 
Putting 6#=k, where & is a constant, these may be written 
2a’6? 6,  2bk 


16) + 2p. 


A necessary and sufficient condition that (16) have a solution is that the 


equation 
(bk 
du \@? Ov k 


be satisfied by such a solution. This condition of integrability may be 
written 


(17) (ay + 4a’u)0* + + Av + + + = O. 


Two cases are possible: 

1. This equation may be an identity in 0, in which case the coefficients of 
the quadratic in 6? are all zero. 

2. The biquadratic may be solved for 0. 

In Case 1, we will assume that the surface is not ruled. Then 
(18) 8a’b + wu + rv = 0 

8) a’ » = 0. 
45° 

Hence the assigned pair of Green reciprocal congruences is not arbitrary; 
the pair must be the canonical congruences as defined by Green.* The third 
equation of (18) shows that the surface itself is restricted. This equation 
may be written 


(19) log (a’b) = 32a’b. 


Oudv 
If we put a’b=e*, equation (19) may be written 
0° 


20 — 
(20) 


= 32¢. 


* Green, Surfaces, p. 114. 


t 
/ 
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The solution of (20) determines ¢ and hence the class of surfaces for which 
(19) holds. Since the solution of the completely integrable system (16) 
involves one arbitrary constant, we may state that for each surface of the 
type defined by equation (19) the canonical congruences of the first and second 
kind will serve as the R-reciprocal congruences for a two-parameter family of 
nets on that surface. 

In Case 2, the surface may be arbitrary, the given pair of congruences 
being restricted. If we solve the biquadratic for 6 and substitute the values of 
6 in equations (16), there result two differential equations of the second 
order which \ and yw must satisfy. These equations are of the form 

Nav pan = GK, @ 
(21) 

where G and G’ are explicit functions of the indicated arguments. No re- 
strictions are required for a solution of (21). Hence in Case 2, there exists 
for any surface S, whatever, a class of Green reciprocal congruences defined by 
(21), each pair of which will serve as R-reciprocal congruences for a nel on a sur- 
face and in general for only one. 


4. GREEN RECIPROCAL LINES IN RELATION R 


Suppose we have a pair of lines in relation R with respect to the net (3). 
These lines may be obtained by joining the points 7 and § defined by 
(22) F = va—-Ny, 5 = ye — 
and the point y to the point 2 defined by 


(23) 2 = Yap — UVa — 


By methods similar to those used in §3, we find that if these lines are to 
be Green reciprocal lines we must have 


— w, — — + — 1) = — (Oe + 1), 
da 
0(Aw) 
2bw — 0, — — + (Oe — 1) = — (Ow + 1). 


Since these equations may be solved uniquely for \’ and yw’ we may state that 
associated with every non-conjugate, non-asymptotic net of curves on a non- 
developable surface there is one and only one pair of Green reciprocal congruences 
that are in relation R with respect to the net. 


/ 
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5. THE RAY AND AXIS OF A POINT 
The line joining the two points 
has been called the ray of the point y with respect to the net*. The line join- 
ing y to the point 
5 = yas — — 

is called the axis of the point y with respect to the net.f Let us find the con- 
dition on the net in order that the ray (axis) coincide with an arbitrary line 
lying in the tangent plane at y (protruding from the surface at y). 

Let the given arbitrary line lying in the tangent plane at y join the two 
points 


(24) S= By. 


If we impose the condition that this line coincides with the line determined 
by p and o defined by (11) we find it necessary and sufficient that @ and 1/w 
are solutions of 


(25) —- — F— = 2a'F* — — + 2b. 
The net (3) will have the line (24) as ray. 
Any line protruding from the surface at y joins y to the point 
= Yuv — — 


If we impose the condition that this line coincide with the axis of y determined 
by y and Z of (11) we find it necessary and sufficient that @ and 1/w are any 
two solutions of the differential equation{ 


OF 
(26) — + F — = — 2a’F* + 2pF? — + 2b. 


Then the net (3) will have the arbitrary line yz as axis. In that case the curves 
C., Cg are union curves of the congruence of lines yz. 


* Green, Nets, p. 232 and footnote. 

+ Ibid., p. 224 and footnote. 

¢ Equations similar to (25) and (26) were obtained by E. Bompiani in a paper Sistemi coniugati 
e sistemi assiali di linee sopra una superficie dello spazio ordinario, Bollettino della Unione Mate- 
matica Italiana, vol. 3 (1924). In this paper Bompiani considers the problem of determining among 
the system of union curves of a given congruence two one-parameter families of curves forming a 
conjugate net. 


OF OF 

Ou ov 
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Let now the ray and axis of the point y with respect to the net (3) 
coincide with a pair of arbitrary Green reciprocal lines. Then equations 
(25) and (26) will hold simultaneously. If we add and subtract these equa- 
tions in the proper order we obtain the two equivalent ones 


(27) F, = — 2\F + 2b, F, = 2uF — 2a'F’. 
A necessary and sufficient condition that equations (27) have a solution is 
that 

MF) F 'F?) 

4 = 4 — gfe 

ov Ou 


be satisfied by such a solution. We may write this equation in the form 
(28) (a! — 2a’d)F2 + (4a’b — — + (by — 2bu) = O. 


Two possibilities arise: 
1. Equation (28) may be an identity in F. 
2. The quadratic may be solved for F. 
In Case 1 let us assume that the surface is not ruled; we have therefore 


ay b, 


(29) 


The values for \ and uw show that the assigned pair of Green reciprocal 
congruences is not arbitrary; they must be the directrix congruences of 
the first and second kind. The third equation of condition shows that the 
surface is also restricted. This condition may be reduced to the form 


9 


log (a’b) = 8a’b. 


4) 
(30) 
Oudv 


If we put ¢= log (a’b), equation (30) may be written 


(31) = See, 
Oudv 

The solution of (31) determines the function @ and hence a class of surfaces 
for which (30) holds. For each solution ¢, the function F may be obtained 
by a quadrature from (27). Any two solutions F,(u, v, ¢:), Fe(u, v, C2) de- 
termine a net such that the ray and axis of the point y with respect to the net are 
the directrices of the first and second kinds. 

In Case 2 we may solve the quadratic in F. Unless the roots are distinct, 
non-zero and finite, no net exists with the desired property. If we differentiate 
(28) with respect to u and v and use (27) we find that F must satisfy a second 
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quadratic in F and a cubic in F. Imposing the condition that these quadratics 
have the same roots and that these roots are two of the roots of the cubic, 
we find that \ and yp must satisfy equations of the form 
Nov + = Gildu, Av, Huy Ho, A, a’, 
Auv + Muu = Go(Au, Av, Huy Ho, A, a’, 
O = G3(Au, Av, Muy Hoy A, 
O = Gildu, Avy Muy Hoy A, a’, ). 


(32) 


The integrability conditions of (32) restrict the surface S, to be of a certain 
type. For surfaces of this type there exist Green reciprocal lines which will 
serve for the ray and axis of y with respect to a net determined by the roots of 
(28). 

6. PAIRS OF CONJUGATE NETS 


Let us now consider the one-parameter family of curves 
(33) 6du—dv=0. 
The direction conjugate to the direction defined by (33) is defined by 
(34) 6du+dv=0. 
Let us consider also the family of conjugate nets 
(35) 62h? du? — dv? = 0, 
where / is an arbitrary constant but not zero. Wilczynski* has called such 
a one-parameter family of conjugate nets a pencil of conjugate nets. 
Wilczynski has also shownf that as this arbitrary net varies over all the nets 
of the pencil, the locus of the focal points of the tangents to the curves of the 


net at the point y is a cubic curve. The equation of this curve referred to 
the triangle y, yu, Ve is 
(36) Co = + + — —-x2 x3 + —-xox? = 0. 
20 20 
Similarly the locus of the focal points of the tangents to the curves of the 
pencil 


(37) w*k? dv? — du? = 0 


* E. J. Wilczynski, Geometrical significance of isothermal conjugacy of a net of curves, American | 
Journal of Mathematics, vol. 42 (1920), p. 217. 

+ E. J. Wilczynski, Oral Communication to the American Mathematical Society, December. 
1920, cited as W(1920); Lane, Nets, p. 290. 
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is the cubic C,, whose equation is 


Wy 
(38) = + bxF + + : x3 — —-xoxé = 0. 


The two curves Cy and C,, coincide if and only if @w=const., that is, if and 
only if at every point of the surface the tangents to the net (3) form with the asymp- 
totic tangents a constant cross ratio.* 

If Cy, and C, are not identical, they intersect in nine points, the point y 
counting as eight points and one other point P. This ninth point lies on the 
line 
(39) (Ow) — (Ow) = 0. 


The nodal cubic C, has three inflection points. The line on which these points 
lie has been called the flex-ray of the point y with respect to the net (35). 
The equation of this line referred to the triangle y, y., y, is 

Ou 

20 20 
Similarly the flex ray of the point y with respect to the net (37) is the line 
whose equation is 


Wu 


(41) + = 0. 


If Cs and C, do not coincide, the flex rays (40) and (41) intersect in a point 
which lies on the line 


(39 bis) 4x2 — (0w),x3 = 0. 


Hence the ninth point of intersection of the ray-point cubics of two conjugate 
nets, the intersection of the two flex rays and the point y are collinear. 

The envelope of the osculating planes of the curves of the pencil (35) 
has been called the axis cone.t Wilczynski has shown that this surface is a 
cone of class three and that the cone is the space dual of the nodal cubic. 
The equation of the axis cone with respect to the net (35) in plane co- 
ordinates referred to the tetrahedron y, yu, Vo, Yuv 1S 

6, 
Ko = + + buf — + = 0. 
20 26 


“ 


* If @w=const. the nets 02du2—dv?=0, w*dv?—du?=0 belong to the same pencil of conjugate 
nets, and hence they determine the same ray-point cubic (Lane, Nets, p. 290). 
Tt W (1920); Lane, Nets, p. 292. 
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Similarly the axis cone of y with respect to the net (37) has the equation 
@, Wu 
= + a'ud + bug + — = 0. 
2w 2w 
If @w is not constant, then Ky and K, have nine common tangent planes, 
eight being accounted for at y. The ninth common tangent plane 7 passes 
through the point 


(42) (Ow) — = O. 


Each of the two cones Ky and K, has three cusp axes which intersect in 
a line called by Wilczynski* the cusp axis of y. The plane of these two lines 
also passes through the point (42). Hence the ninth common tangent plane of 
the axis cones of two conjugate nets, the plane of the cusp axes of the cones, and 
the tangent plane to S, at y intersect in a line. The equation of this line is 


(43) (Ow) + = 0, = 0. 


The two lines (39) and (43) are the tangents to the curves of a unique 
conjugate net whose differential equation is 


(44) (Ow) 2du2 — (Ow) 2dv? = 0. 
The line (43) is the tangent to the curve 
(45) o(u,v) = 0» = const. 


The family of curves defined by (45) is such that the cross ratio of the tan- 
gents to the curves of the net (3) and the asymptotic tangents is the same 
constant for points along the individual curves of the family. 

We may associate a third cubic curve with the net (3) by means of the 
associate conjugate netf of the net (3). The differential equation of this net 
is readily seen to be 


(46) 06 du? — wdv? = 0. 


The ray-point cubic of the point y with respect to the net (46) has the equa- 
tion 


* W (1920); Lane, Nets, p. 292. 
t The associate conjugate net of a net has been defined by Green for any net on a surface as the 
net the tangents to whose curves are the double rays of the involution determined by the tangents to 
the curves of the given net and the asymptotic tangents. 
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1/0, 
Cos = + + — x? x3 


The flex ray of the point y with respect to Cy, has the equation 


1 6. Wy 1 6, 
w 4\0 w 


The cubic C¢, is one of the curves of the pencil determined by Ce and C, 
and the line (47) is a line of the pencil determined by the flex rays (40) and 
(41). Hence the ninth point of intersection of the cubics Co, Cu, Cow and the 
intersections of the three flex rays are collinear with y. As a matter of fact 
any curve of the pencil determined by Cs and C, has a flex ray which is one 
of the lines of the pencil determined by the flex rays of Cy and C,. The 
Hessians of the curves of the pencil determined by Cy and C, have their 
common ninth point on the line (41). The corresponding dual theorems are 
also true. 


7. A ONE-PARAMETER FAMILY OF CURVES 


Let us now consider the case in which the given net is composed of an 
arbitrary one-parameter family of curves and one of the families of 
asymptotic curves. Let the given net be 


(48) (0 du — dv)dv = 0. 
We may make the net (48) parametric by the transformation 
(49) a= (u,v), B Ody. 


From (49) we derive the differentiation formulas 


Yu Yu + Oy» 
from which we obtain 
(S1) Yas = — — Ouyu — 2b0y, — foy). 
6°, 


Consider the line / joining the points 7 and § defined by 


(52) = Va ry, = — zy. 


1/6, Wy 
nc = 0. 
4\ 6 w 
| 
| 
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The line /’ in relation R to / with respect to the net (48) joins y to the point* 


(53) 2 = Yap — — 
If we use (50) and (51), (52) and (53) may be written 


— 06.7 = rv, = yu + OY, — 
(54) 1 0. 2b 
Op »Z = Fee “ ( + Of + + Yo» 


wherein 
A= — 


The line / intersects the asymptotic tangents in the points 
r= y, — dy, (Ou! — d)y. 


The lines / and /’ will therefore be Green reciprocal lines if, and only if, 
b=0 and A= —8@,,/(20). Hence to each curve of a one-parameter family through y 
on a ruled surface S, there corresponds one and only one point r on S, through 
which lines may be drawn whose Green reciprocal lines are in relation R with 
respect to the net composed of the given one-parameter family and the generators 
of Sy. This point lies on the generator through y. Moreover, as may be shown, the 
lines of this pencil have coplanar Green reciprocal lines. 

This theorem suggests that certain interesting results might be obtained if 
the point y were a flecnode or complex point, and the given curve through y 
the flecnode or complex curve. These investigations are beyond the scope 
of this paper and we will leave them for some future time. 

* Grove, Nets, p. 493. 
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SIMPLY TRANSITIVE PRIMITIVE GROUPS* 


BY 
W. A. MANNING 


1. The transitive constituents of the subgroup that leaves fixed one letter 
of a transitive group occur in pairs of equal degree. Transitive constituents 
on one letter are to be taken into account in the above statement. The 
two members of a pair sometimes coincide. This important property of 
transitive groups was proved by means of a certain quadratic invariant by 
Burnside in 1900.f It can be more easily demonstrated as follows: 

Let G be a non-regular transitive group and let the subgroup G, of order 
g, that fixes one letter a of G have the transitive constituents B on the letters 


b, bi, - - , C on the letters c, - , . Consider a permu- 
tation S=(cab---)---. Every one of the g; permutations G,S replaces 
a by b; and because c, ¢:, : - - are the letters of a transitive constituent of G,, 
every permutation GS is of the form (c’ab ---) - +--+, where c’ is some one 
of the letters c, 4, ---. Similarly every permutation SG, is of the form 
(cab’---)++-+. Then the array G,SG, includes every permutation of G 


in which a is preceded by one of the s c’’s or is folowed by one of the r 0’’s. 
Now the number of distinct permutations in the array G,SG, is g? divided 
by the number of permutations common to G,; and SG,S~', or common 
to S-'1G,S and G;,,t that is, by the number of permutations of G, that fix c 
or 6. These numbers are g,/s and g,/r. Thereforer=s. If, as often happens, 


every permutation (ab ---) - - - isof the form (ab) ---or(bab---)---, 
the transitive constituent B is paired with itself. Since the product 

G, whenever a transitive constituent of G, is paired with itself, is of even order. 
A properly chosen odd power of this product is a permutation (ab) - - - of 


order a power of 2. 

2. As in $1, G is a transitive group of order g and G; is a subgroup that 
fixes one of the letters of G. Let H be a subgroup of G, of degree n—m 
(0<m <n) and let J be the largest subgroup of G in which // is invariant.§ 
If H is one of r conjugate subgroups in G;, the largest subgroup of G; in which 


* Presented to the Society, §§1-7, San Francisco Section, October 30, 1926; §§8-9, December 31, 
1926. Received by the editors December 13, 1926. 

1 Burnside, Proceedings of the London Mathematical Society, vol. 33 (1901), p. 162. 

t Miller, these Transactions, vol. 12 (1911), p. 326. 

§ Manning, these Transactions, vol. 19 (1918), p. 129. 
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H is invariant is of order g/nr and the order of J is gm/ns, where s is the total 
number of conjugates of 7 under G found in G;. Then J has a transitive 
constituent of degree mr/s in letters fixed by H. The letters of this constituent 


are a, a, - - - and a is the letter fixed by G;. Every permutation (aq, - - - ) 
-- of G transforms // into one of its r conjugates 7, H’, - - - under G;. A 
second set of 7; conjugate subgroups of G, is 1, H/,---. Each of the 
g, permutations (ad--- )--- of G transforms one of the 7; subgroups 
H,, Hi, - - -into H, so that in Gz, the subgroup of G that fixes b, H is one of 
r, conjugates and / has a transitive constituent of degree mr,/s on the letters 
b, bh}, - - -. The two sets of letters a, a,, - - - and b, bj, - - - do not coincide. 
If there is a third conjugate set of re members H/2, Hz, - - - in G,, there is a 
third transitive constituent c, ¢, - - - of degree mr./s in J, and so on. It is 
this correspondence between the conjugate sets 7, H’,---; Hh, Hi, 
- of G, and the transitive constituents a, ---; 0, of 


/ in the letters fixed by /7, which is to be borne in mind in the developments 
of the following sections. 

3. Examples of transitive groups in illustration of the preceding theory 
may be helpful. 


= |(bbi)(cc1), (ab)(bic)} . 

Ges = }(bbib2) (cere) , (abe } 

Giz = , } 

= | (bb1) (ccs) (eres) , (bbe) (C35) , (€€1) (C2€3) , 
(ab) (byc5) (dacs) 


These four groups are primitive. In the one of degree 10 the subgroup 
that leaves a fixed is the following: 


(C2€3) (caes) , 

(bby be) , (bbib2) 

, (bb2b1) , 

(bbi) (ccs) (eres), (bb1) (ccs) , 

(bbs) (bbe) (cc) (Cees) , 

, (bib2) (ces) (Cres) 


4. In all that follows G is a simply transitive primitive group. Gy, is in- 
transitive of degree nm —1 and is a maximal subgroup of G. Let H/ be invariant 
in G, and of degree <u —1. Then J and G; coincide and J may be said to have 
one transitive constituent on the one letter a fixed by G,. Hence the factor 
m/s of §2 is unity. Since // is invariant in G,, it must fix all the letters of 


| 
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one or more transitive constituents of G,;. Because G, does not fix two letters 
of G, of all the conjugates of 7 under G, only H/ is invariant in G;. Therefore 
H, like the letter a, is characteristic of G;. It is not, however, to be inferred 
from this statement that // is a “characteristic” subgroup of G, in the strong 
sense of being invariant in the holomorph of G;. What is meant is that the 
nm conjugate subgroups //, - - - are in one-to-one correspondence to the x 
subgroups G;, - - - and therefore are in one-to-one correspondence to the 
n letters a, - - - of G. In G, there are exactly m—1 non-invariant subgroups 
H,, ---,and “they are transformed by G; in the same manner as the letters 
of one of G,’s constituent groups of degree m—1.”* The constituent group 
may be transitive or intransitive. This well known conclusion leaves open 
the question as to whether or not this constituent of G; according to which 
the m—1 subgroups J//;, - - are permuted contains letters displaced by 
H.¢ This is an unsolved problem of fundamental importance. 

If the transitive constituent B (on letters fixed by H) is paired with 


itself in the sense of §1, the permutation S=(ab) - - - , known to exist in G, 
which transforms //, into H, has an inverse S~!=(ab) - - - which transforms 
H into H, and which transforms some member //; of the conjugate set H,, 
Hi, - - -of G, into H (§2). Now H, is the invariant subgroup of the subgroup 
G, that fixes 6 and in which H is included. The 7 conjugate subgroups 
H,, li, -- + are therefore permuted according to the permutations of the 


transitive constituent B of G;. Conversely, if in the permutation S=(ab) - - - 
of §2 which transforms //; into H/, the letter b is one of the transitive set 


according to which //,, ///, - - - are permuted by G;, B is paired with itself. 
If two transitive constituents B and C, both in letters not displaced by H, 

are paired, there is in G a permutation S=(cab - - -) - - - such that 

=> H, SH,S—! = H ; 
and hence 

SHS" = Hy, SHS = Ho. 
Then H,, H/, - - - are permuted according to the transitive constituent C, 
and Hs, Hi, - +--+ are permuted according to the transitive constituent B. 


Here also the converse is true. 


5. THeoreM I. /f all the transilive constituents of H are of the same degree, 
or if no two (not of maximum degree in H) belong to the same transilive constiiu- 
ent of G,, every subgroup of G, similar to H is transformed into itself by H. 


* Miller, Proceedings of the London Mathematical Society, vol. 28 (1897), p. 535. 
+ Rietz, American Journal of Mathematics, vol. 28 (1904), p. 10, line 23. 
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The above conclusion is equivalent to the statement that the constituent 
of G, according to which the m—1 subgroups H,, H/, - - - are permuted 
displaces no letter of H. For if Hi, Hi, - - - are permuted according to the 
constituent B of G, on the 7; letters 5, b, - - - fixed by H, the subgroup of 
G, that fixes b, say, is the largest subgroup of G, in which A, is invariant and 
includes H. Conversely, if each of the r; subgroups H,, H7, - - - is trans- 
formed into itself by every permutation of H, the transitive constituent of 
degree r; of G, according to which they are permuted displaces no letter of H. 

The letter of G fixed by G, is a. Let }, b, - - - be certain letters fixed by 


H but permuted transitively by G,. Let a, a,---,6,8:,---, ---bethe 
letters of some transitive constituent of G, and such that a, a, - - - is one 
transitive constituent of H, B, 8, - - - is another, and so on. Of course if H 


displaces one letter of a transitive constituent of G, it displaces every letter 
of that constituent. 

Now transform G; into G2; by means of a permutation (ab ---) - - - of 
the primitive group G. At the same time H, an invariant subgroup of Gi, 
is transformed into an invariant subgroup of G2. Call the latter subgroup 
H,. We wish to show that H, is necessarily a subgroup of G;. Suppose it is 
not a subgroup of G;. Then since a primitive group is generated by a sub- 
group leaving one letter fixed and any permutation of the group not in that 
subgroup, {G:, H,} =G. But if H, fails to connect transitively letters of H 
and letters fixed by H, {G,, H,} is intransitive. Hence, if H, is not a sub- 
group of G, at least one of its permutations unites letters of H and letters 
fixed by H. Let us now impose upon the transitive constituent a, a, - - - of 
H the condition that no transitive constituent of H is of higher degree. The 
set 8,81, - - - , being in the same transitive constituent of G,, will have exactly 
the same number of letters as the set a,ai:, - - - . Ifa@and x (let x be one of the 
m letters a, 6, b;, - - - fixed by H) are in the same transitive constituent of 
H,, so also are all the other letters a, a2, - - - of that transitive constituent 
of H. For since H fixes ), it is a subgroup of G2, and in consequence every per- 
mutation of H transforms H, into itself. Then H, has a transitive constituent 
xX, a, a, of higher degree than any transitive constituent of H, to which 
H, is conjugate under G; —an absurd result. Similarly the constituent 8, 
Bi, -- - of H, displaces no letter fixed by H. If H, fixes all the letters a, 
8, - - - of one transitive constituent of G,, the group |G., H,} is intransitive. 
Then H, connects the letters a, 6, - - - only with letters of H. Thus if all 
the transitive constituents of H are of the same degree the theorem is 
proved. 

The letters A, Ai, - - - of a transitive constituent of H of lower degree 
are by hypothesis the letters of a transitive constituent of G;. The transitive 
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constituent x, A, \1, - - - of H, contains all the letters of the transitive con- 
stituent A, Ay, --- of G;. Then the transitive constituents a, - - - and x, 
-of H, are not united by G. 


Corotiary I. If G; has only two transitive constituents and contains an 
invariant subgroup H of degree <n—1, every subgroup of G, similar to H is 
transformed into itself by H, and G is of even order. 


In this case H is an invariant intransitive subgroup of an imprimitive 
group and all its transitive constituents are of the same degree. It is of 
even order because each transitive constituent of G, is paired with itself. 

It was proved by Rietz* that if G is of odd order and if G, has only two 
transitive constituents, G; is a simple isomorphism between its two con- 
stituents. 


Corotrary II. If G is of even order and G, has only two transitive constitu- 
ents, each transitive constituent of G, is paired with itself. 


For G certainly contains a permutation (ad) - - - of order 2 which pairs 
one of the transitive constituents (B) with itself. 


Coroiary III. Jf G; has three and only three transitive constituents and 
contains an invariant subgroup H of degree <n—1, every subgroup of Gi, 
similar to H, is transformed into itself by H. 


This is true except perhaps when H has transitive constituents a, a1, 
+++ of degree ¢; and transitive constituents A, Ai, --- , 
Of degree v (<#). The letters fixed by H are hi, - - - of the 
transitive constituent B. 
Assume as before that H, displaces a, that is, H, is not a subgroup of G;. 
If the only letters in the transitive constituent of H, with a are letters of B, 
G contains a permutation (b’ab, - - -) - - - , where 0’ is a letter of B, and the 
constituent B is paired with itself. This would prove the Corollary, so that 
H, has a transitive constituent a, A, - - - of degree ¢. Then G, is transformed 
into G; by a permutation S=(aab---) ---+ which pairs the constituents 
b, bi, -- - anda,a,---of G,. If the transitive constituent a, A, - - - of H, 
contains a letter of B, H, contains a permutation (ab, ---) - - - in which a 
is preceded by a letter of B or by one of the lettersd, - - - ,u, ---. But every 
permutation of G which replaces a by a b belongs to the array G,SG,, in which 
only a’s precede a. Now the transitive constituent a, A, Ai, - - - of H, is of 
degree ‘=kv+1 if it contains letters of & transitive constituents of H. In 
one of the transitive constituents of H, are found letters a and letters y, 


* Rietz, loc. cit., p. 11, Theorem 10. 
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for only thus can 77, unite these two transitive constituents of G;. This tran- 
sitive constituent of degree v in H, cannot displace all the ¢ letters a, a, 

-, @1. But H,, being transformed into itself by H, displaces all the 
t+v letters H permutesq (say) transitive constituents 
a, w,--- of H,y. This means that the transitive constituent a of H has q¢ 
systems of imprimitivity of ¢/g letters and that the transitive constituent 
u of H has g systems of imprimitivity of v/q letters. That ¢ and v should have 
a common factor g is inconsistent with the preceding result, =kv+1. There- 
fore H, is a subgroup of G,. 


6. THEOREMII. LetG be a simply transitive primitive group in which each 


of the m subgroups H, H,, - - - of G, is transformed into itself by every permuta- 
tion of H, the invariant subgroup of G,. If the degree of the group generated by 
the complete set of conjugates H,, Hj, - - - of G, is less than n—1, the letters of 


G, left fixed by it are the letters of one or more of the transitive constituents whose 
letters are already fixed by H. 


The group K generated by the 7; conjugates H,, Hy, - - - is an invariant 
subgroup of G;. By hypothesis K is of degree <m—1. There is therefore in 
G, a complete set of conjugate subgroups A,, K/, - - - , similar toX,permuted 


according to a transitive constituent X of G;. Now K, is conjugate to K 
under transformation by some permutation of G, so that K, is generated by 
some of the m subgroups H, H;,---. Because A, fixes a, its r; generating 
subgroups are subgroups of G;. All the permutations of X except the identity 
actually permute two or more of the subgroups Ki, Kj, - - - , conjugate under 
G,. Then the identity is the only permutation of X that can occur in a con- 
stituent of H, because by hypothesis every permutation of H transforms each 


of the m subgroups H, H,, - - - of G, into itself. Then X is one of the tran- 
sitive constituents B, C, - - - of G,; that displace no letter of H. What is true 
of Ki, Ki, - - - is true of all such conjugate sets of non-invariant subgroups 


of G; similar to K. Hence the only letters of G; fixed by K are letters already 
fixed by H. 


7. THEOREM III. Jf only one transitive constituent of G, is an imprimitive 
group (of order f), G, is of order f. 


Let B be the imprimitive constituent of G,. Suppose that a subgroup 
H of G, corresponds to the identity of B. All the n—™m letters of v primitive 
constituents of G; are displaced by H. The m—1 other letters of G, are dis- 
tributed among w transitive constituents B, C,---. Since an invariant 
subgroup of a primitive group is transitive, no two transitive constituents of 
H belong to the same transitive constituent of G;. Then by Theorem I, 
each of the m—1 non-invariant subgroups H,, H/, - - - similar to H of G; is 
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transformed into itself by H. By Theorem II, the group K generated by the 
conjugate set H, Hj, - - - of G, displaces all the letters of H. Since K is not 
H ora subgroup of H, K also displaces the letters of the imprimitive constitu- 
ent B. If one of the generators H;, Hi, - - - of K fixes all the letters of a 
transitive constituent of G,, K fixes all the letters of that constituent. Hence 
H, has v+1 or more transitive constituents. Under G, H is conjugate to H; 
and therefore also has v+1 or more transitive constituents. But H displaces 
the letters of v primitive constituents of G, and has exactly v transitive con- 
stituents. Hence it is impossible that the order of G, exceeds that of the 
imprimitive constituent B. 

Corotiary I. Jf all the transitive constituents of G, are primitive groups, 
G, is a simple isomorphism between its transitive constituents. 


Each of the primitive constituents of G; may be put in turn in the place 
of the imprimitive constituent of Theorem III. 


Corotiary II. Jf G,; has an intransitive constituent of order f, and if all 
the other transitive constituents of G, are primitive groups, G, is of order f. 


8. It has been known since 1921 that if one of the transitive constituents 
of G, of maximum degree is doubly transitive, G, is a simple isomorphism 
between its transitive constituents. Moreover the transitive constituents are 
similar groups whose corresponding permutations are multiplied together. 
For this is an immediate consequence of the following theorem :* 


THEOREM IV. Let G; have a t-ply (t=2) transitive constituent of degree m. 
If G, has no transitive constituent whose degree is a divisor (>m) of m(m—1), 
all the transitive constituents of G, are similar groups of order g/n. 


To guard against misunderstanding, we recall that two groups G and G’ 
are equivalent when there exists a permutation by which one can be trans- 
formed into the other; and that two equivalent groups are similar when, 
if S; and S/ are corresponding permutations in some isomorphism of G to 
G’, a permutation T exists such that 7-'S;T=S/ (¢=1, 2,---, g).f In 
the group G}, of §3, the two octic constituents of G; are isomorphic and equi- 
valent but are not similar. In G}, and Gj, of §3, the two constituents of G; 
are similar. 

A useful set of theorems having to do with simply transitive primitive 
groups was given by Dr. E. R. Bennett in 1912.{ In particular, Corollary 
II to Theorem V, page 6, reads: 


* Manning, Primitive Groups, 1921, p. 83. 
{7 Manning, Primitive Groups, 1921, p. 39. 
t E. R. Bennett, American Journal of Mathematics, vol. 34 (1912), p. 1. 
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“Tf the transitive constituent of degree m in G, is a t-limes transitive group 
(t=3), G, always contains an imprimitive group of degree m(m—1).” 


This result, in common with Dr. Bennett’s Theorems I to VI, is subject 
to the following conditions upon the simply transitive primitive group G 
(of degree 2) and its maximal subgroup G;: 

(1) The constituent M (of degree m) of G, is a non-regular transitive 
group. 

(2) M is the only transitive constituent of G, whose degree divides m. 

(3) Corresponding to the identity of M there is a subgroup H in G, of 
degree n—m—1. 

This corollary raises interesting questions as to possible extensions of our 
Theorem IV, the proof of which is based merely upon the hypothesis that 
one constituent of G, is (at least) doubly transitive. Conditions (2) and (3) 
may be replaced by the weaker conditions of the following theorem: 


THEOREM V. Let Gi, the subgroup that leaves fixed one letter of the simply 
lransilive primitive group G of degree n and order g, have a primitive constituent 
M of degree m, in which the subgroup M, that fixes one letter is primitive. Let 
M be paired with itself in G, and let the order of M be <g/n. Then G, contains 
an imprimilive constituent in which there is an invariant intransitive subgroup 
with m transitive constituents of m—1 letters each, permuted according to the 
permutations of the primitive group M. 


The letter of G fixed by G; is x, and the letters of M are a, a, - - -, @m—1. 
The subgroup of G that fixes both x and a is F. In F, a, ae, - - - , m1 are 
the letters of a primitive constituent group. Because M is paired with itself 
in G, (§1), G contains a permutation S=(xa) - - - which transforms F into 
itself, G; into G, (fixing a), M of G, into a transitive constituent of G; on the 
letters x, bi, - - - , bm—1, and the transitive constituent do, - - , of F 
into a transitive constituent bo, --- , ba. of F. These two transitive 
constituents of F are distinct because if they have one letter in common they 
have every letter in common and therefore {G,, G2} would permute the m+1 
letters x, a1, ,@m—, only among themselves, making G either intransitive 
or doubly transitive, contrary to hypothesis. Nor can the letters };, be, - - -, 
bm—1 be the letters of a transitive constituent of G,. For if so, {G,, G»} has 
a transitive constituent of degree m in the letters x, b,, - - - , bm-1. The letters 
by, be, - - - belong to a transitive constituent (P) of G, of degree =m. 

There is an invariant subgroup H in G;, corresponding to the identity 
of M. Because M is paired with itself in G,, there is a complete set of m 
conjugate subgroups H,, Hj, - - - , similar to H, in G, which are permuted 
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according to the transitive constituent M ($4). Let H, correspond to the 
letter a of M. The largest subgroup of G, in which #, is invariant is F; 
H and H, are the invariant subgroups of G, and G: respectively. Since H, 
is a subgroup of G, and is not a subgroup of H, it displaces at least one letter 
of M, and since it is invariant in F it displaces the m—1 letters a,, a2, -- - , 
Since S-'H,S=H, H displaces the m—1 letters bi, be, 
Now P (of degree =m) has an invariant intransitive subgroup in H with one 
transitive constituent of degree m—1. It is therefore an imprimitive group 
with systems of m—1 letters each. The only permutations of G, that permute 
these m—1 letters },, bo, - - - , bm. among themselves are the permutations 
of F, the subgroup of G, that fixes a. Because M is primitive, F is a maximal 
subgroup of G, and is one of m conjugates under G;. Then there are m systems 
of m—1 letters each in P and they are permuted according to a primitive 
group of degree m. That this primitive group is exactly M is evident from 
a consideration of the m conjugate subgroups F, Fi,---. For F fixes a 
and fixes the constituent - - - , of P, F; fixes a, and the constituent 
bi, bf, - - - , of P, and so on. 

9. It is worth while to extend Dr. Bennett’s Theorems I to VI, replacing 
the three given conditions by the single condition that M is a transitive 
constituent of G, “paired with itself,” and adding other limitations only as 
needed. We shall use the notation of the preceding section (§8). 

Suppose G; has a transitive constituent Q of degree g. This constituent 
Q is transformed by S into a transitive constituent of G, which must include 
at least one letter new to Q. 

If F permutes the letters of Q transitively, S transforms F into itself and 
therefore transforms this transitive constituent (A) of F on the letters of Q 
into a second transitive constituent (B) of F. There is no letter of Q in B. 
Since G, and G2 cannot have transitive constituents on the same letters, 
G, has a transitive constituent of degree >g in which all the letters of B 
occur. 

If F does not permute the letters of Q transitively, the letters of at 
least one transitive constituent of degree / (21) of a subgroup of Q found in 
F is replaced by S by letters new to Q. 

Instead of Q, consider now M and its subgroup M, that fixes a. The 
permutation S transforms the constituent M of G, into a transitive constit- 
uent of G, on the letters x, bo, - - , Omi. The letters bo, - 
do not coincide with the letters a), a2, ---, @m-1, for {Gi, G2} is simply 
transitive. If M;, is transitive, {¥, S} has an imprimitive constituent with 
the two distinct systems di, dz, - - - and b2,---. If is intransitive, 
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or if M is regular, at least one transitive constituent - - , b, of S-'M,S 
({=>1) contains none of the letters a), de, , @m-1. 

We now impose the condition that the order of M is <g/n. 

The invariant subgroup H of G,, corresponding to the identity of M, is 
conjugate under G to m subgroups H/,, H/, - - - which G, permutes according 
to the transitive constituent M. The subgroup H,, say, is an invariant 
subgroup of G,, and must displace some j(>1) letters of M: a), a2, - - - , @;. 
Thus if M is a regular group, its order is g/n.* The transform of H, by S is 
H. Let by, be, ---, b; be the letters by which S replaces a;, a, +--+, @;. 
By definition Z/ fixes all the letters of M. All the letters of the transitive 
constituents of G; to which }, de, - - - , 6; belong are displaced by JH. 

Suppose the letters be, - - -, (kR2j), new to M in the constituent 
of G; by which S replaces M, are permuted only among themselves by Gi. 
Clearly k<m—1, for if k=m—1, has a transitive constituent on the 
letters of M. Then |G, Gs} is of degree m+k+1<2m. Of the letters b,, be, 

- H displaces only ,, be, - - - , 6; and therefore displaces only ay, 
a2, Thesubgroup {H,,H/, ---,Hr-"}, invariant in G,, displaces 
only letters of 17. Being a subgroup of G of degree <n, it must be intransitive 
and therefore M, in which it is invariant, is imprimitive. If k =j, all the non- 
invariant subgroups of G;, similar to //, are in a single conjugate set and are 
permuted according to the permutations of 17. Each of these subgroups H, 
- ,H-‘is transformed into itself by 17, and Theorem II is applicable 
to the group }//,, Hi, - - - {, which however is seen to fix the wrong letters. 
Then k>j. 

Let it be assumed that M, if imprimitive, is of degreesn/2. Another 
assumption that might be made is that k=j. This last is a weaker form of 
Dr. Bennett’s condition upon the degree of //: that it ism—m—1. It follows 
that there is in F at least one transitive constituent (B,) on / of the & letters 


b,, be, - - - which is a part of a transitive constituent P of G,; in which occur 
letters c, - - - new to S-'MS. Finally put upon G, the condition that these 
/ letters of B, are permuted transitively by H. They may now be called i, 
bo, --+, (1<lsj). This transitive constituent P of is imprimitive 


because of its invariant intransitive subgroup in //. 
If M is primitive, F is a maximal subgroup of G,, and therefore F is the 


largest subgroup of G, by which the letters ),, de, - - - , b: are permuted only 
among themselves. There are m conjugate subgroups F, /, --- in Gi. 


Hence P permutes m systems of imprimitivity, of which };, be, - - - b; is 
one, according to the primitive group M. 


* Rietz, loc. cit., p. 9, Theorem 7. 
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If M is imprimitive, F is not maximal, and the letters };, b:,---, b: 
may be transformed among themselves by a subgroup of G, of which F is a 
subgroup. Hence our transitive constituent has m’ (a divisor of m) systems of 
imprimitivity of / letters each. These last results may be formulated as 
follows. The notation of this section is used. 


THEOREM VI. Let G, have a transitive constituent M, of order <g/n, 
paired with itself, and of degree <n/2 if M is imprimitive. There is a transitive 
constituent B, in S~'!M,S on 1 letters new to M which is a part of a transitive 
constituent P of G, in which are letters new to M and to S-'MS. If the letters 
of B, are permuted transitively by H, P has m systems of imprimilivity of 1 
letters each if M is primitive, or m’ (m'>1 and a divisor of m) systems of | letters 


each if M is imprimitive. 


For example, if all the transitive constituents of M, are primitive groups 
and if 7, displaces m—1 or m—2 letters of M, then certainly the letters 
of B, are permuted transitively by J. 

By putting on the restriction that 222m when M is imprimitive, and 
with no corresponding condition when + is primitive, the condition “if no 
transitive constituent of degree / occurs in G,, where / represents the degree 
of any one of the transitive constituents of the subgroup of M composed of all 
the substitutions leaving one letter of M fixed” of Dr. Bennett’s Theorems 
V and VI, has been avoided. In the following theorem this condition is 


restored in a modified form. 


TuEeoreM VII. Let G, have a transitive constituent M of order <g/n, paired 
with itself. Let those transitive constiluents of M, whose j letters are displaced 
by H, be primitive groups. Let G, have no constituent of degree 7. Then G, has 
an imprimilive constituent of degree m'l, where | is the degree of one of the 
ltransilive constituents of M, whose letters are displaced by H, and where m' 
divides m if M is imprimilive and is equal to m if M is primitive. 

It was seen that //, displaces 7 letters a), a2,---, @; of Md, and that 
H displaces b:, - - - , 6; and no other letters of S~'M,S. Since H, is an 
invariant subgroup of F, H, displaces all the letters of a transitive con- 
stituent of M, if it displaces one of the letters of that constituent. If G, does 


not permute 0,, be, ---, b; in one or several transitive constituents, one 
primitive constituent ,, b:,---, 6: of F has a transitive subgroup in H 
and is part with letters c, - - - , new to M and to S-'MS, of an imprimitive 


constituent P of degree m’]. Our theorem follows as before. 
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THE EXPANSION PROBLEMS ASSOCIATED WITH 
REGULAR DIFFERENTIAL SYSTEMS OF THE 
SECOND ORDER* 


BY 
M. H. STONE 


In 1908 Birkhoff defined a class of series generalizing the Fourier and 
Sturm-Liouville series which arise from ordinary linear homogeneous differ- 
ential equations of the second order with linear homogeneous boundary 
conditions. He starts from a differential system of order m with boundary 
conditions restricted to be regular and proves that an arbitrary function with 
a sufficient number of derivatives can be represented in terms of the solutions 
of this differential system.t Subsequently, Tamarkin extended the discussion 
to apply to functions integrable in the sense of Lebesgue by the device of 
comparing the formal Fourier and Birkhoff series for the same function. 
Recently the author has published further researches on the problem.§ 

It is now proposed to complete in some respects our knowledge of regular 
differential systems of the second order. In our paper cited above, we left 
certain necessary conditions unstudied and now desire to fill this gap in the 
theory.|| In addition, the attempt to discuss the formal expansions for func- 
tions integrable in accordance with definitions of integration more extended 
than that of Lebesgue has led us to results quite different from those hitherto 
established. We shall indicate the facts for functions integrable in the sense 
of Denjoy. The situation may be described roughly by saying that, whereas 
all the regular expansions associated with an arbitrary function integrable 
in the sense of Lebesgue have virtually the same behavior, the series formed 
for an arbitrary function integrable in the sense of Denjoy or non-absolutely 
integrable in the sense of Riemann fall into a non-denumerable infinity of 
distinct types exhibiting individual behavior. The result is due essentially 
to the fact that the Riemann-Lebesgue theorem does not hold true for non- 
absolutely integrable functions. On the other hand, if the series for an arbi- 


* Presented to the Society, October 30, 1926; received by the editors in December, 1926. 

+ Birkhoff, these Transactions, vol. 9 (1908), pp. 373-395, cited as B,; and Rendiconti del 
Circolo Matematico di Palermo, vol. 36 (1913), pp. 115-126, cited as Bo. 

t Tamarkin, Rendiconti del Circolo Matematico di Palermo, vol. 34 (1910), pp. 345-382, 
cited as T;; also, On certain General Problems in the Theory of Ordinary Linear Differential Equations 
and the Expansion of an Arbitrary Function in Series, Petrograd, 1917, cited as T>. 

§ Stone, these Transactions, vol. 28 (1926), pp. 695-761, cited as S. 

|| Compare the closing paragraph of S, §IV. 
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trary function integrable in the sense of Denjoy are considered with regard 

to their summability by means of sufficiently high order, this difference in 

behavior is found to disappear. 


I. PRELIMINARY LEMMAS 


We shall need a number of lemmas for our later work, and prefer to collect 
them in one spot for reference, though none of them is essentially new. In 
several places we refer to other papers for the proofs. 


Lemma I. The differential equation 
+ (p?+ =0, 0s 2381, 


where p is a complex parameter and g(x) an integral in the sense of Lebesgue, 
has two linearly independent solutions u,, U2, analytic in p, which together with 
their first derivatives can be put in the asymptotic forms 


ll 


1 z 
uy, = + A/(pi) + O(1)/p?), A=- 5 see, 
0 
pier**(1 + A/(pi) + O(1)/p?), 


= e***(1 — A/(pi) + O(1)/p*), 


= 
Il 


ug = — pie*'*(1 — A/(pi) + O(1)/p?), 
valid OS x1, 3(p) = —c, c=0. If denotes the Wronskian of the two 
functions u, and us, then the functions —tU2/W, and their 


first derivatives have the asymptotic forms 


— A/(pi) + O(1)/p?)/(2pi), 


= 

vi = — A/(pi) + O(1)/p?)/2, 
= — + A/(pi) + O(1)/p2)/(2pi), 
ve ertz(] + A/(pi) + O(1)/p?)/2, 


valid on the same range. 


The part of the lemma concerning the functions #, and u is a special case 
of a general theorem due to Birkhoff. With the aid of Birkhoff’s paper and a 
few comments upon it contained in a later one by the author, the truth of 
the statement is readily perceived.* The second part of the lemma, con- 
cerning the functions 2; and 2, is obtained by direct substitution. 


* For the proofs see Birkhoff, these Transactions, vol. 9 (1908), pp 219-231, and S, §I. The 
lemma is also a special case of a theorem of Tamarkin, T2, Theorem 5. 
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Lemma II. Jf I’, is a semicircle of radius R, with the origin as center, lying 
on the half-plane 3(p) 20, then 


f (O(1)/p)dp = O(1). 
Ps 


Lemma III. Jf 0<asxSb<1, then 


— p?/R2)**'O(1)dp = O(R,-), k20,1 
Pn 
and 


IV 


— p?/R?)**'O(A)dp = O(R,-5), k 


Lemma IV. The integral fy, e°‘ O(1) dp is O(1). 


Lemma V. then 


f f dy = o(1), 
a ry 


and, if then 


f f dy 
a 


uniformly on the ranges considered. 


o(1), 


Lemmas II, III, V are in essence Lemmas III’, V’, VI’ of our paper cited 
above as S; we refer to those lemmas for proofs. Lemma IV is obviously 
little different from the first part of Lemma III, with x =1 and k=/=0. 


Lemma VI. Jf 6(p) is an analytic function with the asymptotic form 
[Ai + [AoJer* + [62], 0:02 ~ 0, 


on the region 3(p)=—c, then the equation 6=0 has infinitely many roots in 
that region, distributed asymptotically near the roots of the equation 


+ + = 0. 


If these points are removed from the p-plane by deleting the interior of a small 
circle of preassigned radius described about each of them as center, the function 
1/5 is O(1) in the remaining portion of the region 3(p)=—c. The region ob- 
tained when c=0 we denote by >’.* 


* Bi, p. 393; Be, pp. 120-121; T;, p. 353. The notation [a] means as usual a+O(1)/p. 
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Lemma VII. Jf 6 and 6 are functions of the type described in Lemma VI, 
with 0o=8o, 0:=0;, 02 then on we have 5/6 = {1].* 


Lemma VIII. If F(x, y) is continuous for x and y on the interval (a, b), 
then 


b 
f Fay sin R(x — y)dy = o(1) 


a 
uniformly <b as R becomes infinite.t 


We can approximate to F by a function F; constant on each rectangle of 
a network fitted on the square aSx <b, a<y<b, so that 


b 
f (F — F,) sin R(x — y)dy 


Then for R sufficiently great 


S¢/2 


b 
fr sin R(x — y)dy 


Consequently, 


Se 


b 
| f F sin R(x — y)dy 


when R is taken large enough, as we wished to show. 


Lemma IX. If we denote by k a fixed positive integer; by c;,i=1,---, k, 
a set of distinct constants, real or complex; and by Pin, Qin, t=1,---, hk, 
a set of polynomials of degree less than or equal to m independent of n, forn=1, 
2, 3,--+, with real or complex coefficients—then a necessary and sufficient 
condition that as n becomes infinite 


(Pin cos + ci)x + Qin sin (2n@ + c;)x) = o(1) 


t=1 
on a fixed interval (a, b) is that the coefficients in the polynomials be o(1). 


The sufficiency of the condition is obvious. To prove its necessity we let 
S, represent the sum of the absolute values of the coefficients in the poly- 
nomials P and Q, and then derive a contradiction from the supposition that 
there can be found an infinite sequence of values of m for which the quantities 
s, have a positive lower bound. If such a sequence exists, it is clear that we 
can determine a subsequence thereof for which 

* S, Lemmas VIII and VIII’. 


+ For general results of this character, see Langer and Tamarkin, Bulletin of the American 
Mathematical Society, vol. 32 (1926), pp. 335-337. 
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= Pi + o(1), Qin =Qitol) (@=1,--- ,k). 


On dividing the expression given in the statement of the lemma by 5, we see 


that 
k 


(Pi cos (Que + + Qi sin + = o(1) 


t= 1 
for the values of m which we have retained. The real and imaginary parts of 
this equation can both be put in the form 


A(x) cos 2nrx + B(x) sin 2nrx = o(1) 


where A?+B? is not identically zero in one of the two equations so obtained. 
By squaring the last equation and performing some simple trigonometric 


reductions it becomes 
A? + B? + (A? — B*) cos 4nmx + 2AB sin 4nrx = o(1). 


Since A and B are continuous functions in view of their origin, the function 
on the left in this equation is bounded and its integral over (a, b) approaches 
zero as m becomes infinite; but, by the theorem of Riemann-Lebesgue, this 
integral has the limit ['(A?+B*)dx, which is different from zero unless 
A*+ B* vanishes identically. This gives us the desired contradiction; we 
must have s, =o0(1) and can thus establish the lemma at once. 

Lemma X. Let {n,} be a sequence of integers such that 1 p?/log ny 
converges, Mp4, is greater than 2n,, and n,/(p log ny) becomes infinite with p.* 
Then the function defined by the equations 

¢(0) = o(1) = 0, 
o(x) = (2p*n,/log n,) sin 1/(p +1) S < 1/p(p =1,2,---), 


is integrable in the sense of Denjoy on (0, 1); and, if c is any constant, 


1 
f sin + c)y dy = (n,/log n,)(1 + O(1/q)) + O11), 


0 


1 
f cos (2nyr + c)y dy = ( — cn,/log n,)(1 + O(1/q)) + OCA), 
0 
el 
y sin 2n,ry dy = (n,/(q log n,))(1 + O(1/q)) + OCA), 


f o(y)y cos 2nyry dy = O(1). 
0 


* We might, for instance, take mp as the integral part of exp p*. It is clear that mp4; >2n, and 
that log n»= p'+O(1). The other properties follow immediately. 


| 
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The function ¢(x) is integrable in the sense of Denjoy, and non-absolutely 
integrable in the sense of Riemann, since the series 


1/p 

f o(y)dy = p?O(1)/log n, 

p=1 1/(p+1) p=1 
is convergent. The four integrals involving ¢ can be investigated by actually 
performing the integration in each case. We treat the first of them as typical, 
omitting the proofs for the other three. Writing /, for the contribution to the 
integral from the interval (1/(p+1), 1/p) we find 


I, = f sin (2ngr + c)ydy 
1/(pt1) 
l/p 
= (p?/ log n,) ( — cos (2(n, + n,)r + c)y 
1/(p+1) 


+ cos — — c)y)dy. 
Thus, when # and g are different, 
T, = p*n,O(1)/((log mp)(2(mp + + c)) 
+ pn,O(1)/((log n,)(2(ny — — c)). 
From the requirement that ”,,,>2x, it is apparent that 
n,/(2(np + + c) = O11), n,/(2(n, — — c) = O(1), 
whence /, = p*O(1)/log p#q. When p and are equal 
I, = (q?/log n,JO(1) + (sin (c/g) — sin(c/(qg + 1)))q?n,/(c log ny). 
Now by Taylor’s theorem with remainder we have 
(sin (c/qg) — sin(c/(g + 1)))/c = 1/q? + O(1/¢°). 
In consequence, 
I, = q°/log ny + (n,/log n,)(1 + O(1/q)). 
Finally, the convergence of the infinite series whose general term is p?/log n, 
establishes the desired result 
> IT, = (n,/log n,)(1 O(1/g)) + OCA). 
p=l 


The proof here is due to Titchmarsh.* 
* Titchmarsh, Proceedings of the London Mathematical Society, (2), vol. 22 (1923-1924), 


pp. XXV—-Xxvi. 
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II. THE EXPANSIONS OF SUMMABLE FUNCTIONS 


We wish to investigate the formal expansions of a function integrable 
in the sense of Lebesgue on the interval (0, 1) in terms of the solutions of the 
differential system 


u”’ + (p? + g)u = 0, 0< «<1, 
= ayu*?(0) + Byu*P(1) = 0, 
Wo(u) = + Bou*)(1) + --- =0, 
2>h2h20, 


where g(x) is summable on (0, 1), and the boundary conditions W, and W2 are 
reduced to normal form and are regular.* There is defined by this differential 
system a Green’s function G(x, y; p?) meromorphic in the p-plane. The poles 
of G on the region 3(p) = —c occur at the roots of an equation of the form 
5(p) =0, where 6 is of the character described in Lemma VI. On the region 


>’ determined by the function 6 we define a sequence of semicircles I, 
with centers at p=0 and radii RX, such that the half-ring between I, and I’,.4, 
contains at least one pole of G and as few others as possible. The numbers 
R, increase monotonely to +2. The formal expansion of a function f(x) 
can then be expressed as 
1 1 

f 2pG(x,v ; p*)dp dy ; 

0 Pn 
and means of order / similar to the Riesz typical means of order / for this 
expression can then be studied with the aid of the expression 


1 
f fly) 2p(1 — p?/R,?)'G(x,y ; p?)dp dy, 1 > 0. 
2; 0 n 
For fuller discussions of these facts we refer to other papers. 

If we wish to examine simultaneously two differential systems of this 
type with Green’s functions G and G, we can choose one sequence of semi- 
circles I’,, lying on the region common to D’ and ¥’, effective for both systems. 
In fact, the distribution of the poles of the two Green’s functions, that is, 
of the roots of the two equations 6=0, 5=0, is such that the semicircles 
are merely restricted to lie in a certain sequence of half-rings centered at the 
origin. This appears at once from Lemma VI 


* For the terms normal and regular, see B,, pp. 382-383. 
T Bi, pp. 373-380; S, §$II, IIT. 
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If in Theorem XIX’ of our paper cited as S we take n=2 and combine 
the results thus obtained for the two quadrants OSargpS7/2, 7/2 
arg pS7, we find 


THEOREM I. Jf f(x) is any function summable on the interval (0, 1), then the 
integral 


1 
fo f (2G — { — ieri(z-v) ; —jeriv-2)} —D (x,y ; p)/O2)dp dy 
0 


is o(1) uniformly OSx% <1. The constant 62 has the value 
— — — 1)**) 


and the function D the expression 


| giz 0 * 


From this theorem we derive 


THEOREM II. A necessary and sufficient condition that two differential 
systems of the second order with boundary conditions reduced to normal form and 
restricted to be regular be such that 


1 
f f — G)dp dy = o(1) 
0 


uniformly O0OSx <1 for every summable function f(x) is that the constants a, 
B, k of the boundary conditions satisfy one of the three relations 

(1) 

2) h=k=kh=k=0; 

(3) ke=hke=0, &=Am, Br =NMi, G2 Be = 
where \ and yp are constants different from zero. 


By Theorem I, 
1 
2ril, = f ((A — A)eri(=t) + (B — Byeri(=ti-w) 
0 rn 


+ — 4+ (D — D)er2-=-»)) dp dy 


* See S, Theorem XIX’. For the evaluation of the constant 62, compare By, p. 383. The notation 
{ A; B} is employed to indicate a function reducing to A when x=y and to B when x<y. 
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where the coefficients of the exponentials in the integral are constants depend- 
ing only on the boundary conditions. By the theory of contour integration 


—Rna 

f = f = — 2sin (R,w)/w, 
Rn 

so that the explicit expression on the right of the equation above may be 

written 


f m)dy, 


o(x,y n) 2((A —A)pn(x + y) + (B B)y,(1 +x+ y) 
+ (C —O)y,(1 — «+ y) + (D — — x — 
¥n(w) = sin (R,w)/w. 


A necessary and sufficient condition that 7, be o(1) uniformly 0Sx<1 is 
that f f(y) o(x, y; n)\dy=o(1) uniformly on the same range. By a well 
known theorem of Lebesgue a necessary condition that the last equation be 
true is that the function ¢ be uniformly bounded, 0<x<1,0<y<1.* Clearly 
this is impossible unless A =A, B= B, C=C, D=D; that is, unless ¢ is 
identically zero. Consequently these four equations constitute a necessary 
and sufficient condition that J, be o(1) uniformly 0<*<1. It can be shown 
algebraically that these equations imply one or another of the three sets of 
equations enumerated in the statement of the theorem and conversely. This 
establishes the theorem.t 

It is clear that the method employed could be extended to differential 
systems of arbitrary order with regular boundary conditions, since general 
theorems of which our Theorem I is a special case have been established for 
them. The algebraic difficulties would be considerable in the final stages of 
such a discussion. 


III. THE EXPANSIONS FOR TOTALISABLE FUNCTIONS 


The formal expansion of a function integrable in the sense of Denjoy in 
terms of the solutions of a regular differential system of the second order is 


* Lebesgue, Annales de la Faculté des Sciences de Toulouse, (3), vol. 1 (1909), pp. 52-55. 

T The sufficiency of the conditions given by the theorem can be proved by some results of 
Tamarkin, T2, pp. 104-112, and has been proved explicitly by the author, S, Theorem XVIII’. 
The necessity of the conditions can be deduced by the use of a theorem of Tamarkin concerning the 
uniform convergence of the Birkhoff series for a function of bounded variation, T,, Theorem 14; 
the generalisation of the present theorem to Birkhoff series of arbitrary order could not be effected 
in that manner. 
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given by the expressions of the preceding section. We shall restrict the differ- 
ential equation u’’+(p?+g)u=0 by the requirement that g(x) be an integral 
in the sense of Lebesgue, 0Sx<1. We first prove 

THEOREM III. /f f(x) is totalisable, OS x <1, and if $(x, y; p) denotes the 
function 

eriz 0 

+ Beiter! + Bo(—i)*? — + — i) Mt | 


then the integral 


1 1 
Jo rn 


—$(x,y ; p))dp dy 
is o(1), 120, uniformly 0<asx<Sb<1. 
The explicit formula for the Green’s function is 
G = {ui(x)oi(y) ; — u2(x)v2(y)} + p), 
uo( x) 0 
y= W (11) W W W 10(tt2)v2(y) 
W 2(12t1) W 2(ut2) W 01(y) W 20(tt2)v2(y) 


W W 
W 2(11) W 


where %;, are the functions described in Lemma I, and Wo and 
are the parts of the boundary condition W;, involving x =0 and x =1 respec- 
tively.* We first study the integral 


1 
I, = f (1 p?/R,2)"(2p ; u2(x)v2(y) } 
0 
{ — — ieriu-2)} dy. 


By the formula for integration by parts applicable to the integral with respect 
to y, we find 


I, = F(1) f (1 — — 2pue(x)v2(1))dp 
rn 


1 
fro f ; p)dp dy, 
0 I'n 


* Bi, p. 378, p. 392; Ty, p. 363. 
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where 


= f fay, 


x(x,y p) = (1 — p?/R2)"(2p{ (y) ; — (y)} 


The first term on the right, when the asymptotic forms for #2 and 2 are sub- 
stituted from Lemma I, is seen to be of the form 


f ((1 — = f 


and by Lemma III is o(1) uniformly 0<a<x<b<1. The second term be- 
comes 


x = (A(x) — A(y))i(1 — {er 
+ (1 — p?/R2)'{ er? MO(1)/p ; 


We denote the terms on the right by x; and x2 respectively. Then 


1 1 -R,, 
f F(y) dy = fro f xidp dy 
0 rn 0 Ra 
R, 1 
= 2 f (1 — p?/R,?)! frou — A(y)) cos p(x — y) dy dp. 
0 0 


This integral has the same behavior when m becomes infinite as the integral 
with /=0, of which it is a Riesz sum.t The integral with /=0 is seen by 
Lemma VIII to be o(1) uniformly, 0Sx<1; for, when the integration with 
respect to p is performed, this integral can be written as 


2f (F(y) (A(x) A(y))/(« y)) sin R,(x — y) dy. 


Next we discuss the integral involving x2 by the aid of the theorem of 
Lebesgue cited in connection with Theorem II. Since x2=O(1)/p it follows 
from Lemma II that x2dp = O(1) uniformly, <1; and from Lemma V 


* The use of integration by parts is a standard device in the consideration of the Fourier series 
of totalisable functions. See for instance Nalli, Rendiconti del Circolo Matematico di Palermo, 
vol. 40 (1915), pp. 33-37, and Hobson, Proceedings of the London Mathematical Society, (2), 
vol, 22 (1924), pp. 420-424. 

+ Hardy and Riesz, The General Theory of Dirichlet Series (Cambridge Tracts, No. 18, 1915), 
Chapters IV and V. 
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we see that yi Sr, x2 dp dy =0(1) uniformly, O<*<1,0Sa<8<1. Lebesgue’s 
theorem now yields the result F(y) Jy, x2 do dy=o(1) uniformly, 0S <1. 
Combining these results we see than J, is also 0(1) uniformly on the same 
range. 

It remains for us to show that 


1 
J, = f f (1 — p?/R2)'(y — dy = o(1) 
0 Pn 


uniformly, 0<asx<b<1. An integration by parts yields the result 
ry 


1 
f F(y) f (1 — p?/R2)'— — dy. 
0 Oy 


If in the expressions y—¢, (0/dy) (¥—@) we substitute the asymptotic ex- 
pansions from Lemma I, expand the determinants involved, and evaluate 
the coefficients of the various exponentials occurring therein by the aid of 
Lemmas VI and VII, we find 


0 
—(v — = e**O(1) + 
dy 


for 0<x<1,0<y<1, and forallpon Consequently, 


is 0(1) uniformly, 0<asx<b<1,0<y<1, by Lemma III. We make twofold 
use of this fact. In the first place, it shows that the first term in J, is 0(1) 
uniformly on (a, 6). In the second place, it provides us with one of the two 
sufficient conditions of Lebesgue’s theorem when we apply it to the second 
term in J,; for it proves that 


f f (1 — p?/R2)'—(v — ¢)dp dy 
oy 


is 0(1) uniformly on (a, 6). The other condition of that theorem is seen to be 
satisfied when we use Lemma III to prove that 


*A somewhat more detailed discussion of a similar question is to be found in S, Theorem XV. 


e 
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0 
ra oy 


is O(1) uniformly, 0<asx<b<1, O<y<1. Thus we see that the second 
term in J, is 0(1) uniformly on (a, b). 

Thus we have shown that J,+J, is 0(1) uniformly on (a, 6); this is the 
assertion of the theorem. 


THEOREM IV. If f(x) is totalisable, 0 <x <1, and if 1=1, then 

1 1 
f f(y) f (1 — p?/R?)"(2pG(x,y ; p?) — — dy 
0 rn 


is o(1) uniformly, 0<as<x<b<1. Thus if G and G are the Green’s functions 
for two regular differential systems of the second order, and if the sequence of 
semicircles T,, is chosen to apply to both, then 


1 
f 10) f 2001 dy = oft), 121, 
2ri 0 
uniformly on the same range. In particular G may be chosen as the Green’s 
function of the Fourier differential system 
u’ + pu = 0, u(O) — = w’(0) — w’(1) = 0; 


consequently, the behavior of the sum of order 1=1 for an arbitrary expansion of 
the class considered is the same as that of a sum of order | for the corresponding 
Fourier series. 


Since on >’ 


1/02 + 6,e7°*) + Ape?" + 
1/02 + e*'O(1), 


we can write 

o(x,y p) = Aerilzty) Beei(ztl-y Ceri(i-zty) + e*O(1), 
where the coefficients of the exponentials are the constants defined in the 
course of the proof of Theorem II. In the same way 


838 
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Lemma III then shows that 


fia — = o(1), 121, 
In 


dg 
(1 — p*/R,?)'—-dp = O(1), 
Pn oy 


uniformly, 0<a<x<b<1, 0Sy<1. From the theorem of Lebesgue which 
we have used so frequently we conclude that 


1 
f f(y) f (1 — p*/R2)'¢dp dy = F(1) f (1 — p*/R2)'o(x,1 ; p)dp 
0 “n 


1 ae 
= = oft), 121, 
0 Ts y 


uniformly on (a, 6). By combining this result with Theorem III the present 
theorem is established without difficulty. 


THEOREM V. [f for an arbitrary function totalisable on (0, 1) and for some 
fixed value of k 


i 
1, = a3 f 10 f 2pG dp — f 2pG dp) dy = o(1) 
0 Pn+k 


uniformly or not on a fixed interval, however small, then it is necessary that the 
boundary conditions of the differential systems considered satisfy one of the 
relations (1)—(3) of Theorem II. Conversely, if the boundary conditions of the 
two systems are so related, then 


1 1 
dy = o(1) 


uniformly, 


As a consequence of Theorem III, it is sufficient to consider differential 
systems of the form 


+ pu = 0, 
+ = 
+ Bou2(1) = 
2>h2h20. 


| | 
o 


We shall evaluate J, explicitly in terms of the solutions of two such systems. 
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There are three main cases to consider, according to the relations between 
k, and k, in the boundary conditions of such a system. In Case I, ki: =k, =1, 
the boundary conditions can be put in the form u’(0)=w’(1)=0, and the 
formal expansions are cosine series on (0, 1). In Case II, k;=k,=0, the 
expansions are sine series on (0, 1). In Case III, k,; =1, ke =0, the expansions 
fall into three main types and two of these types are further subdivided into 
five sub-types each, as we shall now show. 

In Case III we first compute the differential system adjoint to 


u’ + = 0, anu'(0) + Bw’(1) = 0, au(O) + Bou(1) = 0, 
as 
+ = 0, + agv’(1) = 0, + agv(1) = 0. 


These systems are found to have solutions for p=2u7r+a,, p=2n7+42, 
where cos @;=COS OS0,<27, OSa.<2r. 
The condition that the boundary conditions be regular makes the denomi- 
nator in this fraction different from zero. The three divisions of Case III are 
Type 1, Type 2, a; Type 3, a,=a,.=7. 

In Type 1, 


u = a. sin px — Besin p(1 — x) 


(a2 + Be cos p) sin px — Be sin p cos px 
= C; sin px + C2 cos px, 


= 6, sin px — a sin p(1 — x) 


e 


(B; + a, cos p) sin px — a, sin p Cos px 
= D, sin px + De cos px 
are the only solutions of the two systems corresponding to the same charac- 


teristic value p. For them 


1 1 1 
f uv dx = C,D, f sin? px dx + (C\De2 + C2D,;) f sin px cos pxdx 
0 


0 0 


= C.D. [cose px dx = 1/K + O(1/p) = 1/K + O(1/n) 


where 
1/K = (C\D, + C2D2)/2 = + (sin? p)/2 ~ 0. 


Tius the formal expansion for a function f(x) in terms of the functions u is 


1 
bm (K + O(1/n))(C; sin px + C2 cos px) f sore sin py + De cos py)dy 
0 


(n) 


| 
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where the sum is extended over the characteristic values of p for which arg p 
is greater than or equal to 0 and less than z. 

In Type 2, cos p=1 is the characteristic equation, so that we must have 
(a,+£6:1)(a2+82)=0. The characteristic values p=2nz are double roots of 
the characteristic equation, so that the character of the expansions must be 
determined by computing the residues for the Green’s function of the differ- 
ential system. Since the general solution of the differential equation 
when p=2nz is a linear combination of cos 2m7x and sin 2u7rx 
and satisfies the periodic boundary conditions u’(0) —u’(1) =u(0) —u(1) =0, 
the conditions 


au’ (0) + Byu’(1) = 0, + Bou(1) = 0, (a1 + Bi)(a2 + B2) = 0 


must be compatible with them if p=2mn7 is to be a characteristic value for 
the differential system. Thus five cases are possible: 


(i) u'(0) — u’(1) = u(0) — u(1) = 0; 
(ii) u'(0) — u’(1) = u(0) = 0; 
(iii) u'(0) — uw’(1) = u(1) = 0; 
(iv) u’(0) = u(0) — u(1) = 0; 
(v) u'(1) = u(0) — u(1) = 0. 


The residues of the Green’s functions in the various cases can be computed 
directly, and are found to be 


(i) 2 cos 2nmm(x — y) ; 

(ii) 4(1 — y) sin 2mrx sin 2nry + 4x cos 2umx cos 2mry ; 
(iii) 4(1 — x) cos 2mmx cos 2nmry + 4y sin 2mrx sin 2ury ; 
(iv) 4(1 — y) cos 2mrx cos 2mry + 4x sin 2mrx sin 2ury ; 
(v) 4(1 — x) sin 2nmxx sin 2nry + 4y cos 2mmx cos 2nmry. 


The series of Type 2 therefore fall into five subtypes. 

The consideration of Type 3 where the characteristic equation is cos p 
=—1 is parallel to that of Type 2. The five sets of boundary conditions 
possible can be obtained from those given under Type 2 by replacing each 
minus sign by a plus sign; and the corresponding residues of the Green’s 
functions can be found by replacing 2” by 2n+1 in the residues given under 
Type 2. 

We are now prepared to discuss the consequences of the hypothesis that 
I, is o(1) on a fixed interval. We form J, for the function ¢ of Lemma X; 


F| 
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then we must have J,4:—J,=0(1). If the two differential systems involved 
in J, have characteristic values of different forms, then J,4:—J, is an alge- 
braico-trigonometric sum of the type described in Lemma IX; and each 
system contributes a trigonometric function not contributed by the other. 
By Lemma X there is at least one coefficient not o(1) in this sum. Hence, 
according to Lemma IX, we arrive at the contradictory statement that 
In41—Z, cannot be o(1). We may illustrate the discussion by considering 
two series under Case III, Type 1. We have 


I, 
1 
=)>°(K + O(1/n))(C, sin px + C2 cos px) f $(y)(D; sin py + D2 cos py)dy 
0 


1 
+ O(1/n))(Ci sin px + C2 cos (y)(D; sin py + Dz cos py)dy 
0 


where the first sum is extended over a limited number of values of p of the 
form p=2n7r+2mr+4a, p=2n7+2m2r+a2, and the second over a limited 
number of values of j of similar form. We have also cos pxcos p. The 
integrals in this sum are not o(1) by Lemma X. Thus /,4:—J, cannot be 
0(1) in this case. 

It remains for us to consider those cases in which the two systems have 
characteristic values of the same form. There are four of these: the com- 
parison of a series in Case I with the corresponding series in Case II; the 
comparison of series of different subtypes in Case III, Type 2; the comparison 
of series of different subtypes in Case III, Type 3; and the comparison of 
series in Case III, Type 1. 

When the two series compared are in Cases I and II respectively the rea- 
soning given above applies without modification, since one is a cosine, the 
other a sine series. 

When the two series are of different subtypes under Case III, Type 2, 
each series contributes to the expression /,,,,—J, an algebraico-trigonometric 
term not contributed by the other, and if the function for which the series 
are formed is taken as the function ¢ of Lemma X at least one coefficient 
in Jn4i:—Z, is not o(1). The desired result follows at once. For example, 
we consider series of subtypes (ii) and (iii). For the function ¢ the difference 
In+i—In is seen to be 


1 
— 4(1 — 2x) cos 2nrx f $(y) cos 2nry dy 
0 


1 
+ 4sin 2urx f o(y)(1 — 2y) sin 2ury dy 
0 


4 
3 


¥ 
| 
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under the assumption that the integer k introduced in the hypothesis of the 
theorem is zero. This expression clearly is not o(1). If the integer & were dif- 
ferent from zero the same result would follow, since no function appearing 
in I,41—Z, would come from both series. 

When the two series are of different subtypes under Case III, Type 3, 
the reasoning of the preceding paragraph applies without change. 

It remains for us to examine systems in Case III, Type 1, with the same 
characteristic values. Clearly the partial sums whose difference we denote 
by J, must be such that J,,:—J, involves the same trigonometric functions 
from both sums; that is, the integer k must be zero. Otherwise Lemmas IX 
and X would show that J,4:—J,, when formed for the function ¢, could not 
be o(1). Hence we are able to write 


Tn41 I, 
1 
= ))(K + O(1/n))(Ci sin px + C2 cos px) f $(y¥)(Di sin py+Dz cos py)dy 
0 


1 — 
— (K+ 0(1/n)) (Ci sin px + C2 cos px) f ore sin py + Dz cos py)dy 
0 


where both sums are extended over the same set of values of p. On substitut- 
ing the evaluations of the integrals as given in Lemma X, we find, for values 
of n in the sequence {m,} of that lemma, 


Tnovi — Ing = (((KCWD: — KC,D,)n,/log ng + 0(n,/log nq)) sin px 
+ ((KC.D, — KC2D,)n,/logn, + 0(n,/logn,)) cos px) 


where the sum is extended over a limited number of values of p of the form 
p=2nr+2mr+a, p=2nr+2mar+a2. This expression cannot be o(1) 
unless the coefficients of the terms in m,/log m, vanish. Thus we find the 
following three necessary conditions: 


COS p = COS), KC;D,; = KC,D,, KC.D, = 


These three equations can be expressed in terms of the constants of the 
boundary conditions and are found to imply the equations 


@ Bi = Mi, = wpe, 


where A and w are constants different from zero. 

When all the results are collected, the necessary condition enunciated in 
the theorem is seen to summarize them. 

In order to demonstrate the sufficiency of the condition, as asserted in 
the last part of the theorem, we need only notice that when the boundary 


“ae 
one 
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conditions of the two systems fall into one of the three forms described the 
functions ¢ and ¢ of Theorem III are identical. It follows that 


1 
206 — G)dp dy = o(1) 


uniformly, 0<a<x<b<1, by a direct application of Theorem III. 

In closing we may note that Lemma IX and, therefore, Theorem V may 
be extended to the case where the expressions considered are o(1), not on a 
fixed interval, but only on a fixed point set of positive Lebesgue measure. 
The proof of the necessary condition of Lemma IX requires modification 
only at the point where an integral over the interval (a, b) is formed. Since 
Theorem V can be made just as general as the lemma on which it is based, 
the desired result is established. 
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